Abstract. Thermalization of hot electrons in molecular gases is described by a Boltzmann equation, with the Boltzmann operator consisting of a Fokker-Plank operator for elastic processes and a difference operator for inelastic ones. The eigenvalue approach of Shizgal and co-workers for a Fokker-Plank equation is extended to solve this Boltzmann equation. The inelastic interaction is much stronger than the elastic one, and two well-separated time scales are involved in the relaxation processes. This makes the analysis difficult, and the convergence of the eigenmode expansion is very slow. It is shown, however, that a high precision calculation involving a few hundred eigenmodes shows convergence.
INTRODUCTION
Thermalization of hot electrons in molecular gases, as well as in rare gases, is of interest in understanding collisional energy loss of electrons and various transport phenomena in ionized gases [1] [2] [3] [4] [5] [6] [7] [8] . In the case of rare gases, the Boltzmann equation reduces to a Fokker-Planck equation, and a successful eigenvalue approach has been developed by Shizgal and co-workers [1, 3] . Nishigori has found that the memory-function approach is useful to complement the eigenvalue approach, which converges slowly at short times [4] [5] [6] . In the case of molecular gases, inelastic processes are important, and one uses a Boltzmann equation with a nonlocal difference operator describing the inelastic collisions [4, 7, 8] . Demeio and Shizgal applied the eigenvalue approach to a molecular gas by using the Fokker-Planck equation in an approximate way [8] . In a previous paper [4] , the memory-function method was applied on the basis of the Boltzmann equation taking correct account of the inelastic processes. The result is correct at short times and has the correct asymptotic limit, but the validity in the intermediate time region
has not yet confirmed.
The aim of the present paper is to extend the eigenvalue approach of Shizgal and co-workers to take correct account of the inelastic collisions; we therefore consider the eigenvalue problem of the Boltzmann operator instead of the Fokker-Planck one. The inelastic interaction is stronger than the elastic one by a factor of molecule-electron mass ratio, / 7, 000 M m ≥ . The electron therefore loses the initial energy very rapidly to reach the inelastic threshold energy, below which electron thermalizes slowly via elastic collisions. These two well-separated time scales involved in the relaxation processes make the analysis difficult, and the convergence of the eigenmode expansion is very slow. Present paper shows that a few hundred eigenmodes are required to obtain the convergence.
Formulation is given in Sec. 2 to obtain a symmetric matrix representation of the Boltzmann operator. Speed polynomials [9] are used. Numerical results are given in Sec. 3 to examine the convergence of the eigenmode expansion. Reid's ramp model [10] is used as in the previous paper [4] for the inelastic collision cross section. Concluding remarks are given in the final section.
FORMALISM
Consider the isotropic component 0 ( , ) f v t of the velocity distribution function ( , ) f t v of monenergetic hot electrons dilutely dispersed in a spatially homogeneous molecular gas without any external electric field. We use the dimensionless variables 
subject to the initial condition
with initial speed 0
x . The operator B consists of a Fokker-Planck operator P for elastic collisions and a nonlocal difference operator Q for inelastic ones;
where x , and the displacement operators ± D are defined by
The equilibrium distribution is a Maxwellian
Here the adjoint operator
where use has been made of the relation † .
The Boltzmann equation (3) and the initial condition (4) are rewritten for the distribution function ( , ') g x t as † 0 1 ( , ') ( , ');
It should be noted that a polynomial representation of the adjoint operator B † is symmetric with respect to the
where { } n P is a set of orthonormal polynomials. All the eigenvalues of the matrix † B are therefore real, and this is the reason that we have introduced the distribution function ( , ') g x t . The present paper is concerned with the energy relaxation 0 0
The Boltzmann equation gives a formal solution † ' ( , ') ( ,0). 
NUMERICAL RESULTS
To numerically examine the present formalism, we have assumed a hard sphere elastic collision, ( ) Table 1 shows the convergence of some selected eigenvalues with increasing matrix dimension. The matrix of dimension 401 shows the convergence of first 81 eigenvalues in four significant figures. The convergence is very slow in comparison with the case without inelastic collisions, where a matrix of dimension less than 100 is enough to get convergence [3] . Figure 1 illustrates the results for the energy relaxation at short times. Convergence of the eigenmode expansion is slow in this short-time region, and as many as 401 eigenmodes are required to get convergence. Two distinctive relaxation modes are clearly seen in this figure. Electrons lose energy very quickly by the inelastic collisions, and the average energy ( ') H t decreases from the initial value of 16.0 to the inelastic threshold value of 5.3 at ' 0.00023 t = . Below this threshold, the electrons lose energy slowly due to much weaker elastic interactions. The results over much longer time scale are shown in Fig. 2 . The eigenvalue expansion converges rapidly at the long time region, and even the 101 mode calculation is seen to give a reasonable result. The energy approaches very slowly to the equilibrium value of 1.0. The relaxation time 1.1 ' t is found to be 0.1233 in this result, where the relaxation time is defined [1, 3, 7] as the time when the average energy reaches within 10% of the equilibrium energy, i.e.,
The relaxation time is about 500 times longer than the time required for the initial energy to reach the inelastic threshold energy via inelastic collisions. Also, we show in Figure 3 the slow convergence of the eigenmode expansion at small times. Each dotted line was obtained by truncating the eigenmode expansion (28) at λ = 100, 160, 180, 190, 200, or 300 in the converged 501 mode calculation. The initial values are 5.287, 6.083, 7.509, 12.45, 15.37, and 16.00, respectively; i.e., nearly 300 modes are necessary to obtain the correct initial value. This is highly in contrast to the memory-function approach, which converges rapidly at short times; the result involving only two exponential modes (see Eq. (11) in Ref. 4) has been shown by the broken line, and that involving ten modes by the solid line. Even the simple two exponential mode approximation describes accurately the early energy relaxation due to the inelastic collisions. The unified theory proposed in previous papers [12] for rare gases will therefore be useful also for the molecular gases.
The time evolution of the distribution function ( , ') x t φ is determined from Eqs. (10) and (22). Figure 4 displays 
t' =0
t' =0.00008 At ' 0.00008 t = , the average electron energy decreases to 7.283. The distribution function shows a very small peak at energy 16, and another peak at energy 10.6; difference between the peaks is about 5.4, closely matches the inelastic threshold energy of 5.3, which is the energy lost by one inelastic collision; this may be interpreted as the Lewis effect [12, 7] . There must be other small peaks at the lower energies, but they are not evident because of the unphysical oscillations in the present analytical approach (cf. a finite difference approach in Ref. 7) . Figure 5 illustrates the distribution with the average energy of 5.439 slightly above the inelastic threshold energy. The peak at energy around 10.6 due to inelastic collisions almost disappears, and another peak appears at energy nearly equal to the average energy. This peak moves toward the lower energy side as the distribution evolves in time as seen in Fig. 6 . A thermal peak is gradually formed, and an equilibrium Maxwellian distribution is established at about t'=0.6.
CONCLUDING REMARKS
The eigenvalue approach of Shizgal for electron thermalization has been extended to include the inelastic processes in molecular gases. The speed polynomials have been employed to obtain a matrix representation of the Boltzmann operator. In this polynomial representation, it has been found that a few hundred eigenmodes have to be included to get a convergence of the energy relaxation. The quadrature discretization method developed by Shizgal and co-workers [1, 3, 5, 11] will be useful to improve this slow convergence.
In the memory-function approach, only two exponential modes are enough to describe the initial rapid energy relaxation, while nearly 300 exponential modes are necessary in the eigenvalue approach. Note that both the two approaches are based on an identical matrix [5] . The unified theory proposed in the previous papers [5] applies the memory-function approach at short times, and will thus be useful to avoid calculating many higher modes in the eigenvalue approach.
Applications to realistic molecular gases such as CH 4 [7, 8] and H 2 [2, 13] are necessary to fully understand the usefulness of the present formalism.
